Spectral properties of a thresholdless dressed-atom laser 
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We investigate spectral properties of the atomic fluorescence and the output field of the cavity- 
mode of a single-atom dressed-state laser in a photonic crystal. We pay a particular attention to 
the behavior of the spectra in the presence of the frequency dependent reservoir and search for 
signatures of the thresholdless lasing. Although the thresholdless behavior has been predicted by 
analyzing the photon statistics of the cavity field, we find that the threshold behavior still exists in 
the spectrum of the cavity field. We find that the structure of cavity field spectrum depends strongly 
on the strange of the pumping rate. For low pumping rates, the spectrum is not monochromatic, 
it is composed of a set of discrete lines reveling the discrete (quantum) structure of the combined 
dressed-atom plus the cavity field system. We find that for a certain value of the pumping rate, the 
multi-peak structure converts into a single very narrow line centered at the cavity field frequency. 
A physical explanation of the behavior of the spectra is provided in terms of dressed states of the 
system. 

PACS numbers: 



I. INTRODUCTION 



The spectrum of the radiation field emitted by a sys- 
tem of atoms interacting with an electromagnetic field 
is known to provide fundamental insight into the en- 
ergy structure and properties of the combined (entan- 
gled) atom-field system The spectral distribution 
of light emitted by coherently driven atoms simultane- 
ously coupled to a multi-mode field has been the subject 
of numerous investigations over the years. The subject 
received its initial stimulus in the famous paper by Mol- 
low 0, in which he showed that the fiuorescence spec- 
trum of a strongly driven two-level atom has a three- 
peaked structure, quite different from the spectrum ex- 
pected for weak-field resonance fiuorescence |3|]. The 
radiation properties of atoms interacting with a single 
rather than multi-mode electromagnetic field were also 
investigated in the context of a search for signatures of 
quantum effects in the matter-radiation interaction 
The single-mode interaction, also known as the Jaynes- 
Cummings model, can be realized by confining the atoms 
within an optical cavity. The atom-cavity field coupling 
leads to "dressed" states, the eigenstates of the Hamil- 
tonian of the atoms plus the cavity field, that serve as 
the basis energy states of the system The physi- 
cal origin of the spectral features observed in the radia- 
tion field emitted by the system is clearly explained the 
dressed-atom model which provides the positions, inten- 
sities and widths of the spectral features in analytic form. 
In the dressed-atom approach, the radiation field is quan- 
tized which, in addition to the convenient studies of the 
spectral features, offers a potential setting for investiga- 
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tions of statistical and quantum features of the system. 
Many novel quantum effects have been predicted in ob- 
served, such as atomic collapses and revivals @ , vacuum 
Rabi splitting 0, 13 , photon antibunching and squeez- 
ing [9I, llC|. The spectral properties of strongly driven 
atoms inside a single-mode cavity were also investigated 
in context of searching for signatures of two-photon las- 
ing lull, the photon-number distribution of the cavity 
field (12{ and sub-natural linewidths [Tsl. [T3|. 

The possibility of modifying linewidths of the spectral 
lines of the fiuorescence field emitted by a three-level V- 
type atom using intense laser fields was first noted by 
Lorenzo Narducci and his colleagues [l^. They have 
found that the finewidth of the spectral lines on a given 
atomic transition can be switched into the linewidth of 
the other, much narrow atomic transition. The phe- 
nomenon, termed as a dynamical narrowing of the spec- 
tral fines, can also be best understood in terms of the 
dressed-states of the system. The laser fields driving 
the atomic transitions lead to a coherent mixing of the 
atomic energy levels resulting in dressed states of the 
system. The transition rate between any two dressed 
states is proportional to the absolute square of the dipole 
transition moment connecting these two states. Since 
the dressed states depend on the Rabi frequencies of the 
driving fields, this results in the transition rates depen- 
dent on the Rabi frequencies and the spontaneous emis- 
sion rates of the atomic transitions. Thus, the transition 
rates can be changed by changing the ratio between the 
Rabi frequencies. Basically, the coherent mixing of the 
atomic energy levels modifies quantum fiuctuations on 
the driven atomic transitions. Thus, the observed sub- 
natural linewidth of the spectral line is the signature of 
the fiuctuations stabilization in a driven atom by a co- 
herent mixing of the atomic energy levels. In this con- 
text, the phenomenon of the dynamical narrowing of the 
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spectral lines, predicted by Narducci et al. offers further 
interesting prospects for study of practical schemes for 
sub-natural spectral resolution and stabilization of the 
quantum fluctuations [l6|. 

Narrowing of the spectral lines can also be achieved by 
placing the driven system inside a frequenc y dep endent 
reservoir, the so called, tailored vacuum hTlnSl. Tran- 
sition rates between dressed states of the driven system 
can be modified with a suitable choosing of the Rabi fre- 
quency of the driving field. If the Rabi frequency is cho- 
sen to be much larger than the bandwidth of the reservoir 
field, some of the dressed-atom frequencies can then be 
found outside the bandwidth of the reservoir field. As 
a result, transitions at these frequencies are not affected 
by spontaneous emission. The selective decoupling of 
the dressed-atom transition frequencies may lead to nar- 
rowing and even suppression of the spectral lines of the 
fiuorescence. 

There have also been a considerable interest in the gener- 
ation of lasing action between dressed states of strongly 
driven two- level atoms (l9l - [2ll |. The concept of the 
dressed-atom laser has been introduced, where the las- 
ing action can occur even in the absence of population 
inversion between the bare states of the atoms. This kind 
of lasing is often referred to as lasing without population 
inversion. In fact, the lasing occurs with population in- 
version which exists between the dressed states involved 
in the lasing transition. 

Recently, the spectral and statistical properties of the 
single-atom dressed-state laser in a photonic band-gap 
material were shown to be qualitatively different from 
that arising from the ordinary frequency independent 
reservoir |22h24| . The band-gap material serves as a fre- 
quency dependent reservoir, where the density of the elec- 
tromagnetic field modes varies sharply with frequency. 
Furthermore, it has been shown that in the presence of 
the photonic material, the dressed-atom system can op- 
erate as a thresholdless laser [2^ . 

In this paper, we examine the atomic fluorescence and 
the cavity field output spectra for features indicative of 
the thresholdless lasing which results in the single-atom 
dressed-state laser from suppression of spontaneous emis- 
sion on the lasing transition [2^ . Our interest in this par- 
ticular problem stems from the fact that the thresholdless 
behavior of the system has been predicted by analyzing 
the photon statistics of the cavity field |26l - l31j . It is in- 
teresting to consider if a thresholdless behavior could also 
be observed in the spectra. 

The predicted suppression of the threshold behavior in 
the statistics of the cavity photons occurs if a photonic 
band-gap material is employed to reduce the density of 
the electromagnetic field modes in the lasing region of 
the transition. As is well known, a strongly driven two- 
level atom fluorescence at three distinct frequencies, the 
driving laser frequency and at two sideband frequencies 
shifted symmetrically from the laser frequency by the 
Rabi frequency. We consider an off-resonance driving 
field and the cavity mode tuned to resonance with the 



lower frequency Rabi sideband of the dressed atom. Our 
treatment is based on the master equation of the re- 
duced density operator of the driven atom plus the cavity 
field, which we derive by combining two previously used 
approaches, the Keitel-Knight-Narducci-ScuUy [13] ap- 
proach to the dynamics of a driven atom in a frequency 
dependent reservoir, and Frecdhoff-Quang fl^ approach 
to the dynamics of a driven atom coupled simultaneously 
to a single-mode cavity field and a frequency indepen- 
dent reservoir. In the absence of the band-gap material, 
we distinguish three regimes of the pumping rate, be- 
low, near and above threshold, at which the spectra ex- 
hibit significantly different structures. Below the thresh- 
old, the spectrum exhibits two peaks characteristic of the 
vacuum Rabi splitting. Near the threshold, a multi-peak 
structure is observed indicating a successive excitation 
of the discrete energy states of the system. Above the 
threshold, the cavity fleld spectrum is composed of a sin- 
gle very narrow peak, whereas the atomic fluorescence 
spectrum exhibits a Mollow-like triplet. In the presence 
of the band-gap material, the spectra display interesting 
modifications. First of all, we can distinguish only two 
ranges of the pumping rate at which the spectra have dif- 
ferent character. A multi-peak structure emerges at rel- 
atively low pumping rates. The spectra exhibit a multi- 
peak structures even in the limit of vanishing pumping. 
Secondly, we find that the spectral lines are significantly 
narrower than that predicted in the absence of the band- 
gap material. We observe an interesting feature that 
in the case of the cavity field spectrum, the multi-peak 
structure builds inside the vacuum Rabi doublet, whereas 
the fluorescence spectrum the structure builds inside as 
well as outside the doublet. Finally, we demonstarte that 
the cavity fleld spectrum exhibits a threshold behavior 
that at a certain pumping rate, the multi-peak spectrum 
converts into a single very narrow peak located at the 
cavity mode frequency. The threshold behavior exists 
despite the fact that there is no threshold behavior in 
the photon statistics of the cavity fleld. 
The presence of the threshold raises a question of the 
meaning of a thresholdless laser, whether the threshold- 
less operation of the system should be determined by ei- 
ther, the photon statistics or the spectrum of the cavity 
field, or both. 



II. THE DRESSED-ATOM SYSTEM 

We consider a system consisting of an atom located 
within a single-mode cavity engineered inside a photonic 
crystal. The atom is modeled as a two-level system with 
lower level |1) and upper level |2) separated by energy 
hujQ, and driven by an intense single- mode laser fleld of 
the resonant Rabi frequency 2r2o- The laser fleld propa- 
gates transverse to the cavity axis and is treated classi- 
cally, while the cavity mode is treated as a quantum fleld 
in a state |n) containing n photons of frequency ojc- 
The reason for engineering the cavity inside a photonic 
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crystal is twofold. On the one hand, the photonic crystal 
provides a system for a strong coupling of the atom to a 
previlage mode. On the other hand, the crystal provides 
a reservoir of a multi-mode electromagnetic field whose 
modal density varies sharply on a frequency scale much 
smaller than the Rabi frequency of the driving field [32l - 
l35j |. Theoretically, the variation of the density of the 
field modes with frequency is expressed in terms of a 
step function that varies sharply at the cut-off frequency 

The dynamics of the total system; the driven atom plus 
the cavity plus the reservoir, is determined by the density 
operator px, which in the interaction picture satisfies the 
master equation 



d_ 

dt 
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where 



Pt — exp ( ——H't ) pT exp 



-H't 



(1) 



(2) 



is the density operator of the system in the interaction 
picture, with 

H' = hujLO^a + ^fiLUL{<J22 - a-ii) + Wiaj^Ofc, (3) 



and 



a)apT 



Pto^ a) 



(4) 



are, respectively, the cavity-mode and the radiation reser- 
voir annihilation (creation) operators, aij = = 
1,2) are the bare atomic operators, and is the res- 
onant Rabi frequency of the laser field which, for sim- 
plicity, we have assumed is real and positive. The re- 
maining parameters Aa = uoa ^ ^l, = ^ ^l, and 
Afe = u)k — ujl are the detunings of the atomic resonance 
frequency wq, the cavity-mode frequency iOc, and the fre- 
quency u)k of the A:th mode of the radiation reservoir from 
the frequency uj^ of the driving laser field. 

There are three fields interacting with the atom, the laser 
field whose the coupling strength to the atom is given by 
the Rabi frequency f^Oi the cavity field coupled to the 
atom with the strength g and the multi-mode vacuum 
reservoir whose the fcth mode is coupled to the atom 
with the strength gk- We shall assume that the coupling 
r^o dominates over g that, on the other hand, is much 
stronger than gk, so that JIq 5 ^ fffe- We shall fol- 
low the following procedure, first "dressing" the atom in 
the laser field and then couple the resulting dressed-atom 
system to the cavity and the reservoir fields. 

As we shall be interested in the spectral properties of 
the radiation field produced by a dressed-state laser, we 
make the customary transformation of representing the 
master equation in terms of dressed states of the driven 
atom 0. The dressed states are the eigenstates of the 
Hamiltonian Hal = \^^a {<^22 — fii) + H^. Since the 
driving field is treated classically in our calculations, the 
diagonalization of the Hamiltonian Hal produces the so- 
called semiclassical dressed states 



is an operator representing the damping of the cavity 
field with the rate k. 

The Hamiltonian iJ, appearing in Eq. ([T]), is composed 
of three terms 



where 



H = Ha + HL 



Ht 



(5) 



|i) = cos</)|f) -sin0|2), |2) = sin0|l) +COS0I2), (9) 

where cos^ = 1 [1 + A J(21])] and 2Vl = {AVll + A2)i/2 
is the Rabi frequency of the detuned field. 
We now introduce dressed-state operators, Rij = |*)0|, 
and find that the Hamiltonian Hq + Hl becomes 



iJo = ^ftAa(cr22 - crii) + ;iAca^a + n^ Afe^flfc (6) H^ + Hl = H^ ^ h/^^a'^ a + MIR^ + ^/:^xa\ax, (10) 

A 



is the free Hamiltonian of the atom, the cavity field, and 
the multi-mode reservoir, respectively. 



Hl = f£lo {ai2 + (721 ) 



(7) 



where = R22 — Rii- Note that the Hamiltonian pH)) is 
diagonal in the basis of the product states \i)^\n)^\nk), 
which prompts us to make the unitary transformation 



is the interaction Hamiltonian of the driving laser field 
with the atom, and 

Hi = «%(aVi2 - (T2ia) +ih'^gk {al(Ti2 - CF2iak^ (8) 

k 

is the interaction Hamiltonian of the privilege cavity 
mode and the remaining reservoir modes with the atom. 
In Eqs. (P)-®, the parameters g and gk describe the cou- 
pling constants between the atom and the cavity mode 
and the reservoir modes, respectively, a (a^) and (a[.) 



pT = exp 



Pt exp 



h 



(11) 



which results in the density operator in the dressed-atom 
picture. It follows from Eqs. ((Ij and (ITT]) that the maser 
equation for the density operator in the dressed-atom 
picture becomes 



d_ 

dt 



PT{t) 



[Hl.PTit)] 



(12) 
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where 



1 



sin(2<?!))i?3 e*'^-* + cos^0i?i2 e 



,i(Ac-2n)t 



sin(2<?!))i?3 e 



iAkt 



+ COS 4>Ri2 e* 



sin (/)i?2i e 



i(Afc+2i2)t 



H.c. 

(13) 



Note that in the dressed-atom picture the evolution of 
the density operator is determined only by the interaction 
Hamiltonian ([8]). 

We now proceed to eliminate the reservoir field by tracing 
the density operator of the total system over the space of 
the reservoir modes to obtain the reduced density opera- 
tor of the dressed atom and the cavity mode only. Since 
the multi-mode field appears as a frequency dependent 
reservoir, we assume that the Rabi frequency is much 
larger than the width of the band edge of the band-gap 
material is much smaller than the spontaneous emission 
rate of the atomic bare transition and the dressed-atom 
transition frequencies lol and Wi ± 2n are far away from 
the the band-edge frequency uJt- In this case, it is possible 
to obtain a master equation for the reduced density op- 
erator consistent with the Born-Markov approximation. 
In addition, we assume that the cavity mode is tuned to 
exact resonance with the low-frequency Rabi sideband, 
i.e. Ac = —2fl. With this frequency tuning, we can 
distinguish that certain terms in the master equation are 
stationary in time and the other oscillating at frequencies 
2r2 and 4r2. Since the Rabi frequency is large, these os- 
cillatory terms make a negligible contribution to the dy- 
namics of the system and we may ignore them. This sim- 
plification is a form of the rotating-wave approximation. 
With such approximations, and after using the standard 
procedure of eliminating of the reservoir modes, we find 
that the reduced density operator p of the dressed atom 
plus the cavity mode has the form 



dp 

dt 



= gi [{Ri2a - a^i?2i) , p] + ^n^cP 



-^o{2R3pR3-pRl-Rlp) 



7_(2i?2iP-Ri2 - R12R21P- PR12R21) 
7+(2i?i2pi?2i - R21R12P - PR21R12) , (14) 



where gi = gsin cj) is the "effective" coupling constant 
of the dressed atom to the cavity field, 

70 = 7sin^(2(/))-u(wL - t^b), 7- = 7 sin'*(0)-u(a;_ - Wf,), 



7+ = 7COS {(j))u{uj+ - UJb), 



(15) 



are the damping rates between the dressed states of the 
system, and u{uji — uJb), uJi — lol,uj±, is the unit step 
function describing the transfer function of the band-gap 
material. The function is evaluated at three frequencies 



corresponding to the three transition frequencies between 
the dressed states, tOi = lol and uJi = uj± = ± 2Q.. 
Since the frequencies uj < Wh are forbidden in the band- 
gap material, this opens a possibility to eliminate spon- 
taneous transitions at selected frequencies of the dressed- 
atom system. 

The master equation (jl4p is very similar in form to that 
one found for the the frequency independent reservoir. In 
particular, the damping rates 70, 7+ and 7_ differ only in 
that the damping rate 7 of the bare atomic transition is 
replaced by ^u{LOi — uJb), the frequency dependent rates. 
Thus, modifications to the master equation brought by 
the band-gap material are essentially reflected in the ap- 
pearance of three, frequency dependent, damping rates. 
As we shall see, the modifications, although look trivial 
at the first glance, will in fact significantly affect the dy- 
namics of the system and the spectral distribution of the 
emitted light. 

The damping rate 7+ corresponds to spontaneous emis- 
sion from the upper dressed state |2) to the lower dressed 
state |1) of the manifold below and occurs at frequency 
L0+ = ujL + 2fl, whereas the damping rate 7_ corresponds 
to spontaneous emission from the lower dressed state to 
the upper dressed state of the manifold below and occurs 
at frequency cj_ — lul — 2J7. It should be noted that 
the rate 7_ appears as the decay rate on the transition 
resonant to the cavity frequency, whereas the rate 7+, 
that appears as a damping rate plays, in fact, the role 
of an incoherent pumping of the dressed system from |2) 
to |1). In other words, it is a pure incoherent pumping 
process that transfers the population to the upper state 
of the lasing transition. Thus, by a suitable tuning of the 
dressed-atom frequency uj- to the edge frequency Wb, one 
can eliminate spontaneous emission at the frequency of 
the cavity field. 

We now introduce density-matrix elements with respect 
to the dressed states, denoting pij = {i\p\j), and using 
the master equation (I14p . we obtain the following simple 
equations of motion for the populations and coherence 

9 , i^ 1 ^ 

^Pii =91 \ap21 + Pi2a') -7-P11 +I+P22 + -kCcPii, 

d 1 
^P22 = -gi (aVi2 + P2ia) - 7+P22 + 7-Pll + -^kCcP22, 

^Pi2 = gi {ap22 - Pua) - ^cPl2 + ^kCcP12, 

d 1 
^P2i = .91 (p22a^ - aVii) - Tc P21 + -kCcP21, (16) 

where Tc = (70 +7+ +7-)/2 is the decay rate associated 
with the pi2 coherence. 

Equations are the basic equations for calculating the 
spectra of the atomic fiuorescence and the cavity field. In 
the following we always assume that the Rabi frequency 
of the laser field is much larger than the coupling constant 
of the cavity mode and the damping rates of the atom and 
the cavity mode, 2J7 g, 7, k. Under such conditions, 
we can selectively tune the dressed-atom frequencies to 
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the transmissive or to the forbidden band of the band-gap 
material. 



III. ATOMIC FLUORESCENCE AND CAVITY 
FIELD SPECTRA 

We now follow the procedure of Freedhoff and Quang 
to calculate the atomic fluorescence and cavity field spec- 
tra. The evaluation of the spectra simplifies by introduc- 
ing the following Hermitian combination of the density 
matrix elements 

p^^-* = P22+P11, p'^-* = P22 - Pii, 



^(3) 



(P2ia - 



(a/021 



1^12) 



Pi2a' 



(17) 



The advantage of working with the Hermitian combina- 
tions is the most evident if one considers the photon- 
number representation, p'nn+m = {n\p^'^^\n -\- m) , where 
it can be easily found that the equations of motion for the 
diagonal matrix elements decouple from the equations of 
motion for the off-diagonal elements. 
Using Eq. (fTO)) . we find that the equations of motion for 

the density matrix elements Pn n+m satisfy a set of cou- 
pled differential equations, which can be written in a ma- 
trix form as 

d_ 

dt' 

where Z^'^ is the column vector composed of the density 
matrix elements, and A^'"'', bI™'' and cl'"'' are 4x4 ma- 
trices composed of the coefficients of the equation. The 
explicit forms of the vector and the matrices aI™-* , 
Bi™"* and are given in Appendix A. 



Equation (jlSp is in the form of a vector recurrence rela- 
tion which is solved by a continued-fraction method, and 
the solution can be written in terms of Green's function 
matrices d)^^{t) as 



z\r\t) 



(19) 



where zj™' (0) are the initial values of the density matrix 
elements. 

The general solution can be applied to evaluate the 
spectrum of light emitted by the system. Two kinds of 
radiation are produced by the system, the atomic fluo- 
rescence emitted out of the sides of the cavity and the 
cavity-mode field, leaking the cavity through the cavity 
mirrors. 



A. Spectral distribution of the atomic fluorescence 



spectrum of the atomic fluorescence can be evaluated sep- 
arately at each of the dressed-atom frequency as 



(20) 



where 

5(°)(c.) 
5W(w) 



7- Re / dre"'( 
Jo 

^70 Re 



7+ Re 



-"-)"(i?i2(t + r)i?2i(0)., 
dTe-*("-"-)^(i?3(t + r)i?3(i))., 



dTe-*('^-"+'"(i?2i(i + T)i?i2(t))„ 

(21) 



and the subscript s denotes the steady-state value of the 
correlation function. The required spectrum therefore 
follows directly from the dressed-state two-time correla- 
tion functions, which can be evaluated from the general 
solution 

Since we are interested in the spectral distribution of the 
field emitted at the cavity frequency, which is tuned to 
the frequency of the lower Rabi sideband, we will there- 
fore focus our attention on the spectrum at the frequency 
a;_ = ijJl — 2il. The two-time correlation functions ap- 
pearing in Eq. (j21l) are found by applying the quantum 
regression theorem to the equation of motion (1161) . The 
general solution for the spectrum, given in terms of the 
Green function matrix is of the form 



1- 



rc(i?12-R21 



+Re^ 

n,j=0 



gW(z^)zW(0) 



(22) 



where [G^^]{iv) zf\Q)]2 = P^^l+^v) is the Laplace 

('2) 

transformation of p\-^ „+i(''")i and v = lo — lo^. 



B. Spectral distribution of the cavity field 

The incoherent part of the spectrum of the cavity field 
evaluated at the frequency w_ = — 257 is defined as 
the Fourier transformation of the two-time correlation 
function of the fiuctuation operators 

r-OQ 

Sc{uj) = 2Re dTe'^'^-'^-'>^SaHt + T)Sa{t))s, (23) 
where Sa{t) = a{t) — {a{t)). 

Using the quantum regression theorem, one can show 
that the two-time correlation function of the field fluctu- 
ation operators can be expressed in terms of the density 
matrix elements as 



In the dressed-atom picture and under the condition of 
well separated dressed-atom transition frequencies, the 



{Sa'i{t + T)Sa{t)), 



V^pi'l+Ar), (24) 



n=0 
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where Pnli+ii''') is the solution of Eq. with the initial 
condition given by the steady-state values of the density 
matrix elements. 

The spectrum is obtained by taking the Fourier transform 
of Eq. (j24p . or equivalently it can be done replacing t by 
T — iv. Hence, we readily find the following formula for 
the cavity field spectrum 



G^n!,i-^^)z'f(^ , ■ (25) 



Sc{uj) = 2Re > V^7+T 



nj=0 



In the following section, we present numerical results for 
the atomic fluorescence and the cavity field spectra evalu- 
ated for different values of the pumping rate of the lasing 
transition. 




IV. NUMERICAL RESULTS 



We now evaluate the atomic fluorescence and the cavity 
field spectra in a good cavity limit of g ^ k,j. We 
concentrate on the lower Rabi sideband and consider the 
variation in the spectra with changing , the pumping 
rate of the dressed-atom laser for the case of a frequency 
independent reservoir, 7_ and compare it with the 
result for the band-gap, 7_ = situation. The results 
are shown in Figs. [TJH 

Let us first examine the spectra in the situation when 
the atom is coupled to a frequency independent reser- 
voir that the spontaneous transitions are allowed at all 
three dressed-atom frequencies, i.e. Jo, 7+ and 7_ are 
all different from zero. Figure [T] shows the atomic flu- 
orescence spectrum for fixed k = 0.057, and the cavity 
coupling constant g = 57, and for progressively increas- 
ing pumping rate 7+. At low pumping rate, the spectrum 
consists of two well-separated narrow peaks, centered at 
frequencies a; = a;_ ± gi . This is well known as the vac- 
uum Rabi splitting. As the pumping rate increases, i.e. 
cos"* ip increases, more peaks emerge at multiples of ±gi. 
At moderate pumping rates, a multi-peaked spectrum is 
well visible with peaks inside as well as outside the vac- 
uum Rabi doublet, but the most intense are still those 
corresponding to the vacuum Rabi splitting. Note that 
there is no fluorescence at a;_ , the cavity fleld frequency. 
Moreover, the peaks group into three separate sets of 
multiplets. If we further increase the pumping rate, the 
multi-peak structures merge into the characteristic Mol- 
low type triplet with the central component at the cav ity 
field frequency w_ and sidebands located at ±2-^/ {n)gi, 
where (n) is the average number of photons in the cavity 
mode. This spectrum is very similar to that found be- 
fore for a bichromatic driving field j36|. with one strong 
and one weak component. The strong component was 
resonant with the atomic transition whereas the weaker 
component was matched to the Rabi sideband induced 
by the strong component. In the case considered here, 
the role of the weaker component is played by the cavity 
field. 
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FIG. 1: The atomic fluorescence spectrum S^~\uj) as a func- 
tion of frequency uj — ujl -1-2(1 for k — 0.05, g — 5, j- and 
different Sa- (a) Sa = —5, (b) Sa = 0, (c) Sa = 1, (d) Sa = 5. 
All the parameters are normalized to 7 = 1. 



Somewhat similar effects appear in the cavity field spec- 
trum. Figure [5] shows the cavity field spectrum for the 
same parameters as in Fig. [TJ We observe that the spec- 
trum is quantitatively similar to the fluorescence spec- 
trum, but there is a qualitative difference that the multi- 
peak structure builds up only inside the the vacuum Rabi 
doublet. When the pumping rate increases further, the 
multi-peak structure merges into a very marrow peak 
centered at the cavity frequency The appearance 

of the very narrow peak the cavity-field frequency is a 
clear evidence of a lasing action. Thus, there is a thresh- 
old value of 7+, defined to be that value of the pumping 
rate for which the cavity field spectrum merges into a 
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very narrow, almost monochromatic peak located at the 
frequency of the cavity mode. 

It is interesting to note from Figs. [T] and [5] that we can 
distinguish three regions of the pumping rate at which 
the spectra have completely different structures. The 
low pumping region at which the spectra exhibit the vac- 
uum Rabi splitting, the moderate region where multi- 
peak structure is seen, and the region of large pumping 
rates where only a single very narrow peak is observed. 
The behavior of the system and resulting spectral prop- 
erties can be very different when the atom is coupled 
to a frequency-dependent reservoir exhibited by a band- 
gap material. Figure [3] illustrates the filtering effect of 



the band-gap material on the atomic fluorescence spec- 
trum by choosing 7_ = 0. It corresponds to the situ- 
ation of no spontaneous emission on the dressed-atom 
transition resonant to the cavity-mode frequency. For 
low pumping rates the behavior of the spectrum is seen 
to be qualitatively different from the previous case of 
the frequency independent reservoir. We start to see the 
multi-peaked structure at very low values of the pumping 
rate. In addition to a general appearance of the multi- 
peaked structure at low and moderate pumping rates, 
an enhancement of the fluorescence and the cavity field 
appear at frequencies symmetrically displaced from the 




JL 



FIG. 2: The cavity field spectrum Sc{Ld) as a function of fre- 
quency id — iOL + 2n for K = 0.05, (? = 5, 7_ 7^ and different 
Sa- (a) 5a = -5, (b) 5a = 0, (c) 5a = 1, (d) 5a = 5. All the 
parameters are normalized to 7 = 1. 



FIG. 3: The atomic fluorescence spectrum S^~\uj) as a func- 
tion of frequency lj — ljl + 2f2 for k = 0.05, g = 5, and 
the band-gap spontaneous emission cancelation 7_ = 0. In 
frames: (a) 5a = -5, (b) 5a = 0, (c) 5a = 1, (d) 5a = 5. All 
the parameters are normalized to 7 = 1. 
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cavity-mode frequency by the effective coupling constant 
gi. It is notable that in both spectra the resonances oc- 
curring at ztgi are the dominant features in the case of 
weak and moderate pumping rates. 





FIG. 4: The cavity field spectrum Sdui) as a function of fre- 
quency u} — ujl + 2f2 for k — 0.05, g = 5, the band-gap sponta- 
neous emission cancelation 7_ = 0. In frames: (a) Sa = —5, 
(b) Sa = 0, (c) Sa = 1, (d) Sa = 5. All the parameters are 
normalized to 7 = 1. 

Figure |4] shows the behavior of the cavity field spectrum 
in the band-gap situation with 7_ — 0. Again, the multi- 
peaked structure, which is caused by the population of 
the low energy entangled states of the combined dressed- 
atom plus the cavity mode system, is seen to emerge at 
very low pumping rates. As the pumping rate increases, a 
threshold behavior occurs that the multi-peak spectrum 



converts into a single very narrow peak. Simultaneously, 
the atomic fluorescence spectrum converts into a triplet, 
similar to the Mollow triplet, with the central component 
at frequency It is interesting that the magnitude and 
the width of the narrow peak is the same as in the case of 
the frequency independent reservoir, i.e. is independent 
of whether 7_ = or 7_ 0. Thus, the dominant effects 
for the filtering properties of the band-gap material are 
see at low and moderate pumping rates. 



V. INTERPRETATION OF THE RESULTS 

The physics underlying the modifications of the spectra 
in the presence of the band-gap material can be under- 
stood more intuitively by an analytical examination of 
the energy structure of the combined dressed-atom plus 
the cavity mode system. The combined states are entan- 
gled states between the atom and the cavity field. The 
knowledge of the states allows us to calculate the popu- 
lations of these states and transition rates between them. 
Our treatment is an extension of the Freedhoff and Quang 
approach to the case of a frequency dependent reservoir. 
In these calculations, we use the fully quantized dressed- 
atom approach which gives a complementary view of the 
cavity effects. 

We use the quantum dressed-atom model, in which we 
quantize both the driving laser and the cavity-mode 
fields. In our calculations, we first couple the bare atom 
to the laser field, then we couple the resulting dressed 
atom to the cavity mode. In the fully quantum descrip- 
tion we replace the semiclassical dressed states by their 
quantum counterparts 



\i,N) = cos(j)\l,N) - 
|2,iV) = sin(/)|l,iV) 



smt; 
- cos I 



\2,N-1) 
H2,iV~ I) 



(26) 



where \i,N) is a state in which the atom is in the ith 
state and N photons are present in the driving field. 
The eigenstates of the noninteracting dressed-atom sys- 
tem plus the cavity mode are product states \i,N,n) = 
|i, iV) (g) |n) , where |n) is the eigenstate of the cavity mode, 
with energies 



E, 



N,; 



(27) 



where n is the number of photons in the cavity mode. 
It is easily to show that the state |2,A^, 0) is a single 
state, whereas the state |2,iV — n, n) and \\,N — n + 
1, n — 1) from doubly degenerate pairs. When we include 
the interaction between the dressed atom and the cavity 
mode 



Vac = fig {a^cri2 + (T2ia) , 



(28) 



the degeneracy is lifted, resulting in doublets with eigen- 
states, the atom-cavity- mode entangled states of the form 
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|2,7V,0), 



for n = 



I* 



N,±n) 



i= (|2,iV- n,n) ± |i, A^- n + l,n - 1)) , for n 7^ 



(29) 



V2 



corresponding to energies 

EN,±n = h[NLUL~{2n~l)n±giy/^]. (30) 

The entangled states are the energy states of the 
system. They group into manifolds, each containing a 
singlet and an infinite number of doublets. Neighboring 
doublets are separated by 2n, while the intra-doublet 
states are separated by 2y/ngi. The spectral properties 
of the atomic fluorescence and the cavity field are a sig- 
nature of the entangled system, its energy levels, their 
populations and probabilities of spontaneous transitions 
between them. Thus, one would expect multiple struc- 
tures in the spectra. 

A. Transition rates 

The energy states of the system interact with the vac- 
uum reservoir modes. This results in a spontaneous emis- 
sion cascade by the system down its energy manifold lad- 
der. The probability of a transition between any two en- 
ergy states is proportional to the absolute square of the 
dipole transition moment between them. Since the inter- 
action between the atom and the field is determined by 
a single-photon Hamiltonian, the transition dipole mo- 
ments have selection rules that nonzero transitions can 
occur only between states |4'jv,±n) and |^'Ar-i,±n') with 
n' = n, n± 1. The probabilities (spontaneous emission 
rates), corresponding to transitions at frequencies 

W±„,„' = ?i ^ (E'Af^in — E'AT-i^n') , (31) 

are given by 

T±„,±„' = ^7o|(*W,±n|i?3|*7V-l,±n')l^ 

+ 7+l(*A',±n|i?2l|*Af-l,±n')P 

+ 7-|(*W,±n|i?12|*JV-l,±„')l'- (32) 

Similarly, cavity damping cause transition to occur from 
states \N,±n) to states |iV — l,±n') with probabilities 

K±n,±ri' = K|(*Ar,±„|a^|*Ar_i,±„')p. (33) 

Since our interest is principally on the spectral distri- 
bution at the frequency of the lower Rabi sideband, 
Lj^ — ujl — 2ri, we therefore focus on spontaneous emis- 
sion rates between states |^Ar,±,i) — > |^Af-i,±(n+i)) and 
l*w,±(n+i)) ^ |*Ar-i,±n)- Using Eqs. (IMl), ® and 



([5^ , we readily find that the spontaneous emission rates 
corresponding to several frequencies centered at cj_ are 
given by the expressions 



±n,±(n+l) 


1 


(1- 


1- <5n,o), 


'^±n,±(ri+l) 


= W_ 




'^=Fn.±("+l) 


1 


(1- 


1- <5n,o), 




= W_ 




^±(n+l),±n 


1 


(1- 




^±{n+l),±n 


= W_ 






1 


(1- 


\- 6n,o)^ 


'^±(n-|-l),=FTi 


= a;_ 





(34) 

where v'^'^ = {^/n+l± y/n)gi. 

Similarly, we find from Eqs. ^ and dSS]) that the 

cavity damping causes transitions with the rates 

1 2 

1 2 

(35) 

From the transition rates and the corresponding transi- 
tion frequencies, it is apparent that the spectra consist 
of multiple lines located symmetrically about The 
multiples split into two sets of lines, Vn ■* and i^ii^' , which 
we call the inner and outer sidebands, respectively. The 
spontaneous emission rates are dependent on the den- 
sity of the vacuum reservoir modes at both the higher 
and lower Rabi sideband. However, only the rates that 
depend on the density of the modes at the lower Rabi 
sideband are, in addition, affected by the cavity damp- 
ing. Moreover, the effect of the cavity damping on the 
transition rates corresponding to the inner sidebands in- 
crease with increasing number of photons n, whereas the 
transition rates corresponding to the outer sideband de- 
creases with increasing n. This results in the enhance- 
ment (reduction) the inner (outer) sidebands amplitudes 
with the increasing pumping rate, as seen in Figs. [5] and 
m It is interesting to note that there are no spontaneous 
transitions allowed at the cavity field frequency uj- un- 
less n ^ 1 for which vrT+l — ^/n w 0. Consequently, 
there is no spectral line at lo- , the cavity mode frequency, 
until a large number of photons accumulate in the cav- 
ity mode, n 3> 1. Then, the inner sidebands at ±fi ^ 
merge into a single peak at w_ , while the outer sidebands 
merge into single lines located at frequencies ±2^yngi. 
In this limit, the atomic fluorescence spectrum exhibits 
three lines. The merging of the fluorescence spectrum 
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into the familiar Mollow triplet is a clear evidence that 
in this limit the cavity field appears as a monochromatic 
coherent field. We could call the point at which the cav- 
ity field merges into a single narrow peak as a threshold 
for the cavity field to operate as a conventional laser. On 
the other hand, the cavity field spectrum converts into 
a single peak, that the outer sidebands decreases with 
increasing n with the inner sidebands exhibiting a strong 
enhancement. This is consistent with the variation with 
n of the cavity induced damping rates (j35p . 

B. Populations 

To evaluate the populations of the energy states of the 
system, we project the master equation (fH)) onto \'^N,±n) 
on the right and (^^jv.inl on the left, and make the sec- 
ular approximation that ignores couplings between pop- 
ulations and coherences. We then introduce the reduced 
populations 

n±„ = ^(*7V,±„|p|*JV,±n), (36) 
N 

and find that in the steady state, n-|-„ satisfy the recur- 
rence relation 

7+n„_i - [7+ + 7_ + {2n - 1)k] n„ 

+ [7_ + (2n + l)K]n„+i =0, (37) 

with (7_ -|- k)IIi ~ 7+no and n_„ = n„. 
The solution of Eq. §^ gives 

n 

n±„ = no n -—ji^ — TV' (38) 

7_ + 2m — llK 

m—l ^ ^ 

where Hq is determined by the normalization condition. 
It is evident from Eq. (|38)) that the population of the en- 
ergy states depends solely on the density of the vacuum 
modes at the Rabi sideband frequencies. The population 
is unequally distributed among the states, but the redis- 
tribution depends strongly on whether 7_ = or 7_ 7^ 0. 
For 7_ ^ and k ^ 7, the population distribution de- 
pends weakly on n leaving the state n > 1 practically 
unpopulated. This explains why in the limit of a low 
pumping, 7+ <C 1, only the characteristic vacuum Rabi 
splitting is seen in the spectra, as shown in Figs. [T] and [21 
However, in the band-gap situation of 7_ = the popu- 
lation distribution is strongly sensitive to n and the pop- 
ulation can be redistributed over the n > 1 state even 



for relatively weak pumping rate. This clearly explains 
why in the band-gap situation, shown in Figs. 12] and SI a 
multi-peak structure is observed in the spectra even for 
very low pumping rate. 



VI. CONCLUSIONS 

We have examined the atomic fluorescence and cavity 
field spectra of a strongly driven two-level atom coupled 
to a single-mode cavity and a frequency-dependent reser- 
voir exhibited by a band-gap material. The band-gap 
spectral density of the electromagnetic vacuum modes 
changes sharply at the band-edge frequency ujb, such that 
Wf, — w_ 3> r, where a;_ is the frequency of the lower Rabi 
sideband and F is its bandwidth. We have found that the 
frequency dependent reservoir affects the spectra for low 
and moderate pumping rates, while for large pumping 
rates the spectra do not differ substantially from that 
predicted for the case of a frequency independent reser- 
voir. The effect of the frequency dependent reservoir is 
to narrow the spectral lines and to suppress the below 
threshold regime characterized by the vacuum Rabi split- 
ting. Multi-peaked spectra are observed for essentially 
very low pumping rates. This feature can be regarded 
as a signature of the thresholdless lasing. However, the 
multi-peaked structure of the cavity field spectrum in- 
dicates that the system does not operate as a source of 
a monochromatic light. A conventional laser is usually 
described as a source of a highly monochromatic coher- 
ent light. We have found that the cavity field spectrum 
exhibits a threshold behavior that at a certain pumping 
rate, the multi-peak spectrum converts into a single very 
narrow peak located at the cavity mode frequency. The 
threshold behavior exists despite the fact that there is no 
threshold behavior in the photon statistics of the cavity 
field. 
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Appendix A 



In this Appendix, we give the explicit expressions for 
the vector Z,*-™'' and for the matrices of the coefHcients 



appearing in Eq. (flS)) : 
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